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Introducing Majorana Phase ϕ

We restrict ourselves to two flavor oscillations. The flavor states νe and νµ
mix to form the mass eigenstates ν1 and ν2 with masses m1 and m2,
respectively.

In general, flavour states να are related to mass eigenstates νi as

να = U νi = O Uph νi ,

where να = (νe νµ)
T and νi = (ν1 ν2)

T and

O =

(
cos θ sin θ
− sin θ cos θ

)
Uph =

(
1 0
0 e iϕ

)
. (1)

The phase ϕ is unphysical if neutrinos are Dirac particles but is physical if
they are Majorana.

However, both vacuum and matter modified oscillation probabilities are
independent of ϕ whether neutrinos are Dirac or Majorana.
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Appearance of ϕ in oscillation probabilities

Benatti and Floreanini (PRD 64 (2001) 085015) considered a novel form of
neutrino decoherence with an off-diagonal term in the decoherence matrix.

For such decoherence, the oscillation probabilities depend on ϕ.

We ask ”what are the other possibilities under which the Majorana phase ϕ
appears in neutrino oscillation probabilities?”
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Neutrino oscillations in vacuum

The Hamiltonian in mass eigenbasis

H =

(
a1 0
0 a2

)
=

(a1 + a2)

2

(
1 0
0 1

)
+

(
−(a2 − a1) 0

0 a2 − a1

)
,

where a1 = m2
1/2E and a2 = m2

2/2E , mi → mass eigenvalues, E → energy.

Evolution equations in mass eigenbasis

i
d

dt
νi (t) =

[
(a1 + a2)

2
σ0 −

a2 − a1
2

σz

]
νi (t), (2)

where, σ0 ≡ I2×2 and σz is the diagonal Pauli matrix.

In flavor basis (νi (0) = U†
mixνf (0) = U†

phO
Tνf (0))

i
d

dt
να(t) =

[
(a1 + a2)

2
σ0 −

(a2 − a1)

2
OUphσzU

†
phO

T

]
να(t). (3)

Since
OUphσzU

†
phO

T = OσzO
T ([Uph, σz ] = 0)

⇒ Uph matrix containing ϕ is gone!
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Most general neutrino evolution

If, H = ((− (a2−a1)
2

)σz + bσx + cσy )

OUph[−
(a2 − a1)

2
σz + bσx + cσy ]U

†
PhO

T ̸= OσzO
T ,

where σx and σy are the off-diagonal Pauli matrices. It is trivial to see

[Uph, σx ] ̸= 0 and [Uph, σy ] ̸= 0

We consider the case of the most general Hamiltonian in neutrino mass basis
including the decay terms

H = M − iΓ/2,

where M and Γ are hemitian matrices.

Presence of Γ makes H non-hermitian.

Since H is in mass basis, M is diagonal, but Γ need not be in general.

We assume that the decay eigenstates are not the same as mass eigenstates.

Hence Γ is non-diagonal and does not commute with M.
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Neutrino oscillations with most general decay Hamiltonian

We consider the following form of the Hamiltonian

H =

(
a1 0
0 a2

)
− i

(
b1

1
2
ηe iξ

1
2
ηe−iξ b2

)
.

Γ should be positive semi-definite (bi > 0 and η ≤ 4b2
1b

2
2).

When Γ is non-diagonal (η ̸= 0), i.e., the mass eigenstates are not decay
eigenstates, the evolution of mass eigenstates

i
d

dt
νi (t) =

[
(a1 + a2)

2
σ0 −

(a2 − a1)

2
σz −

i

2

(
(b1 + b2)σ0 + σ⃗.⃗Γ

)]
νi (t),

where Γ⃗ = [η cos ξ,−η sin ξ,−(b2 − b1)].
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Neutrino oscillations with most general decay Hamiltonian

The evolution equation in terms of flavor states is

i
d

dt
να(t) =

[
(a1 + a2)

2
σ0 −

(a2 − a1)

2
OσzO

T − i

2
(b1 + b2)σ0

− i

2
OUph(σ⃗.⃗Γ)U

†
phO

T

]
να(t).

The matrix σ⃗.⃗Γ does not commute with Uph (since σx and σy do not
commute with Uph), the phase ϕ remains in the evolution equation.

And hence, ϕ also appears in oscillation probabilities.
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Neutrino oscillations with most general decay Hamiltonian

Evolution operator U = e−iHt can be expanded in the basis spanned by σ0

and Pauli matrices σi .

This expansion is parameterized by a complex 4-vector nµ ≡ (n0, n⃗), with
nµ = Tr [(−iHt).σµ]/2, where

n0 = − i

2
(a1 + a2)t −

1

2
(b1 + b2)t, nx = −1

2
tη cos ξ,

ny =
1

2
tη sin ξ, nz =

i

2
(a2 − a1)t +

1

2
(b2 − b1)t. (4)

The evolution matrix U is

U = en0
[
cosh n σ0 +

n⃗.σ⃗

n
sinh n

]
, (5)

where

n =
√

n2
x + n2

y + n2
z =

t

2

√
η2 − (a2 − a1 − i(b2 − b1))2. (6)

evolution matrix in flavor basis Uf = UmixUU−1
mix .
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Neutrino oscillation probabilities

Neglecting terms of O(η2) and higher order, we get the survival probabilities

Pee = e−2bt (Pvac
ee − η cos(ξ − ϕ)A)

Pµµ = e−2bt (Pvac
µµ + η cos(ξ − ϕ)A

)
and the oscillation probabilities

Peµ = e−2bt (Pvac
eµ + 2η sin(ξ − ϕ)B

)
Pµe = e−2bt (Pvac

µe − 2η sin(ξ − ϕ)B
)

where

A = sin(2θ) sin[(a2−a1)t]
(a2−a1)

B =
sin(2θ) sin2[ 12 (a2−a1)t]

(a2−a1)
. (7)

Pvac
eµ = sin2 2θ sin2

(
(a2 − a1)t

2

)
, a2 − a1 = ∆m2/2E . (8)

The relations between different vacuum oscillation probabilities,
Pvac
ee = 1− Pvac

eµ = Pvac
µµ and Pvac

µe = Pvac
eµ .
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Majorana Phase in neutrino oscillations

Majorana phase ϕ appears in the probability expressions.

This appearance is proportional to Γ12 ∝ η.

Unlike in vacuum oscillations Pee ̸= Pµµ and Peµ ̸= Pµe .

Peµ and Pµe are sensitive to the mass ordering.
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Antineutrino oscillation probabilities

For antineutrinos, we have

M̄ = M and Γ̄ = Γ∗. (9)

Hence, antineutrino probability expressions can be obtained by making the
substitutions ϕ → −ϕ and ξ → −ξ.

Pēē = e−2bt (Pvac
ēē − η cos(ξ − ϕ)A) and Pµ̄µ̄ = e−2bt (Pvac

µ̄µ̄ + η cos(ξ − ϕ)A
)

Pēµ̄ = e−2bt (Pvac
ēµ̄ − 2η sin(ξ − ϕ)B

)
and Pµ̄ē = e−2bt (Pvac

µ̄ē + 2η sin(ξ − ϕ)B
)
.

We find Pēē = Pee , Pµ̄µ̄ = Pµµ and Pµ̄ē = Peµ, i.e., CPT is conserved.

However, there is CP-violation (Pēµ̄ ̸= Peµ) and T -violation (Pµe ̸= Peµ).
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CP-violation with Majorana phase

The CP violating term in the oscillation probabilities is proportional to
η sin(ξ − ϕ).

There are three possibilities of CP-violation
1 CP-violation in mass - if η ̸= 0 and ξ = 0, but ϕ ̸= 0
2 CP-violation in decay - if ϕ = 0, but η ̸= 0 and ξ ̸= 0
3 CP-violation in mass and decay - if η ̸= 0, ξ ̸= 0 and ϕ ̸= 0

Non-zero value of η is a necessary condition for CP-violation but is not
sufficient.

For the two special cases,(i) ϕ = 0 = ξ and (ii) ϕ = ξ, there is no
CP-violation even when η ̸= 0.

However, the presence of η is discernible in the survival probabilities.
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Off-diagonal decay matrix Vs. off-diagonal decoherence

Scenario with off-diagonal decoherence also has ϕ dependent oscillation
probabilities (Benatti et al., PRD 64 (2001) 085015)

This scenario violates both CP and CPT

Pµµ − Pµ̄µ̄ = sin2 2θ
α sin(2ϕ) sinh(

√
α2 − (∆m2)2t)√

α2 − (∆m2)2
e−γt .

(Capolupo et al., PLB 792 (2019), 298-303)

In our scenario also oscillation probabilities depend on ϕ but only CP and T
are violated but CPT is conserved.

These different CPT properties distinguish these two scenarios of ϕ dependent
neutrino oscillation probabilities.
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Summary & Conclusions

We look for scenarios in which the Majorana phase of two flavor oscillations
can appear in neutrino oscillation probabilities.

It was demonstrated earlier that off-diagonal terms in the decoherence matrix
is one such scenario, which violates CPT .

We found another scenario which involves neutrino decay, where the decay
eigenstates are not the same as the mass eigenstates.

In this scenario, CP is violated in general but CPT is conserved.

The CP-violating terms in this scenario are sensitive to the neutrino mass
ordering

The two scenarios can be contrasted by their CPT properties.
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BACKUP SLIDES
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Neutrino dynamics (oscillations with most general matter effect)

Coherent forward scattering can alter oscillation patterns:

νe,µ,τ + e−, p, n → νe,µ,τ + e−, p, n (neutral current)

νe + e− → νe + e− (charged current)

Hf = Umix

(
−∆m2/4E 0

0 ∆m2/4E

)
U†

mix + V

(
1 + ϵee ϵeµ
ϵ∗eµ ϵµµ

)
matter density potential V =

√
2GFNe

i
d

dt
να(t) =

1

4E

(
−∆m2 OσzO

T + 4EV σ⃗.⃗ϵ
)
να(t),

ϵ⃗ = (ℜ(ϵeµ),−ℑ(ϵeµ), (1 + ϵee − ϵµµ)/2); ϵαβ → non-standard interaction (NSI)
strength

⇒ Majorana phase ϕ does not appear in matter modified oscillations.
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